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1. INTRODUCTION 



In the early 1940's, Whitney proved that every C°° even function f(x) can be 
written f(x) — g(x 2 ) , where g is C°° [28]. About twenty years later, Glaeser 
(answering a question posed by Thorn in connection with the C°° preparation the- 
orem) showed that a C°° function fix) = fix\, ■ ■ ■ ,x m ) which is invariant under 



where g is C°° and the <Ji{x) are the elementary symmetric polynomials [10]. Of 
course, not every C°° function f(x) = f(xi, . . . , x rn ) which is constant on the fi- 
bres of a (proper or semiproper) real analytic mapping y — tp(x) , y = (t/i, . . . , y n ) , 
can be expressed as a composite f = g°p , where g is C°° . We will say that ip has 
the C°° composite function property if every C°° function f(x) which is "formally 
a composite with ip" (see Definition 1.1 below) can be written / = g o ip , where 
g(y) is C°° . The theorem of Glaeser asserts that a semiproper real analytic map- 
ping p which is generically a submersion has the C°° composite function property. 
The C°° composite function property depends only on the image X of ip , which 
is a closed subanalytic set [1] (cf. Corollary 1.5 below). Bierstone and Milman 
have proved, more generally, that a closed "Nash subanalytic" set X has the C°° 
composite function property [1] (cf. [19,23,26]); the class of Nash subanalytic sets 
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includes all semianalytic sets. The C°° composite function property is equivalent 
to several other natural geometric and algebraic conditions on a closed subanalytic 
set [6]; in particular, to a formal scmicohcrencc property (a stratified real version 
of the coherence theory of Oka and Cartan) . Pawlucki has constructed an example 
of a closed subanalytic set which is not semicoherent [20]. Thus the C°° composite 
function property does not hold in general, but distinguishes an important class of 
subanalytic sets. 

In this article, we introduce a new point of view towards Glaeser's theorem, with 
respect to which we can formulate a u C k composite function property" that is 
satisfied by all semiproper real analytic mappings (Theorems 1.2 and 1.3 below). As 
a consequence, we see that a closed subanalytic set X satisfies the C°° composite 
function property if and only if the ring C°°(X) of C°° functions on X is the 
intersection of all finite differentiability classes (Corollary 1.5). 

Let k G N U {oo} , where N denotes the nonnegative integers. Suppose that A 
is a locally closed subset of M™ and that B C A is closed (in the relative topology 
of A). We let C k (A;B) denote the Frechet algebra of restrictions to A of C k 
real- valued functions that are defined on neighbourhoods of A and are k -flat on 
B . ( " k -flat on B " means "vanishing on B together with all partial derivatives 
of orders <k n .) C k {A) means C fc (A;0). 

Recall that a continuous mapping ip : M — > ./V is called semiproper if, for each 
compact subset K of N , there is a compact subset L of M such that <p(L) = 
K n <p(M) . Let ip : ft — > M™ denote a semiproper real analytic mapping defined 
on an open subset f2 of R m . Then X = <p(Q) is a closed subanalytic subset of 
K" . (For the definitions and basic properties of subanalytic and Nash subanalytic 
sets, see [1,5,7,8,9,14,16].) Let Z denote a closed subanalytic subset of X . The 
mapping f induces injective homomorphisms f* : C k (X;Z) — ► C k (ri;<p~ 1 (Z)) 
given by composition <p*(g) — g o ip . 



COMPOSITE DIFFERENTIABLE FUNCTIONS 3 
Definition 1.1. Let (ip*C k (X)) A denote the subalgebra of all functions f e C fe (f2) 
such that f is "formally a composite with ip "; i.e., for each a C X , there is 
g e C k {X) such that f - <p*(g) is k -flat on ^ _1 (a) . Set (ip*C k {X; Zj) A = 

Theorem 1.2. Assume that X is compact. Then, for each k e N, there is an 
integer £ k > k such that (^C^X; Z)) A C tp*C k (X;Z) for all £ > £ k . 

Glaeser's theorem follows from Theorem 1.2: Assume that ip is generically a 
submersion, so that the interior int X of X is dense in X . Suppose that / G 
(tp*C°°(X)) . Let g E C°{X) denote the unique function such that / = g o ip . 
Then g is C°° in intX and, by Theorem 1.2, g is the restriction to X of a 
C k function, for all k £ N . Thus all partial derivatives of g | int X extend 
continuously to X , and define a C°° Whitney field on X (cf. §3 below). By 
Whitney's extension theorem, g is the restriction to X of a C°° function. 

In general, put C^(X;Z) = C\ keN C k (X; Z) (and C^°°\X) = C(°°)(X;0)). 
The formula (p*(g) — goip defines an injective homomorphism ip* : C^°°\X; Z) — > 
C 00 ^;^" 1 ^)) . It is easy to see that f\ eN Z)) A = (v?*C°°(X; Z)) A , so 

that Theorem 1.2 implies the following: 

Theorem 1.3. ((p*C°°{X- Z)) A = <p*C^{X\ Z) . 

There is a continuous injection C°°(X; Z) <^-> C^°°\X; Z) , where the latter has 
a topology as the inverse limit of the C k (X,Z) , k € N ; it is easy to see that 
C°°(X;Z) is dense in C^(X;Z) (cf. [18,1.4.3]). Moreover, (tp*C°°(X; Z)) A is 
closed in C°°(0; </9 _1 (Z)) , so that Theorem 1.3 has the following corollaries: 

Corollary 1.4. (cf. Tougeron [24]). (ip*C°°(X; Z)) A = (p*C°°{X; Z) . 

Corollary 1.5. The subalgebra ip*C°°(X; Z) is closed in C°°(0; <£ _1 (Z)) if and 
onfy i/ C(°°)(X; Z) = C°°(X; Z) . In particular, closedness of p*C°°{X) in C°°(ft) 
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depends only on the image X of <p (cf. [1,6]). 

Theorem 1.6. Let X be a closed subanalytic subset of R™ , and let Z C X 

denote the points which admit no neighbourhood in which X is Nash. (By [21], Z 
is a closed subanalytic set.) Then C {co \X; Z) = C oc (X; Z) . 

Theorem 1.6 can be obtained by combining Corollary 1.5 with [6, Theorem 3] 
and [22, Theorem 2]. In particular, if X is a closed Nash subanalytic subset of 
1" , then C {ao \X) = C°°(X) . The same conclusion holds if AmiX < 2 or if X 
has pure codimension 1 (by [22]). It follows that, for any closed subanalytic subset 
X of R 4 , C(°°\X) = C°°(X). The example of [20] is a closed 3-dimcnsional 
subanalytic subset X of R 5 for which C^°°\X) ^ C°°(X) . 

Remark 1.7. Theorems 1.2, 1.3 and their corollaries have more general module 
versions; i.e., versions that apply not only to the solution of an equation of the 
form f(x) = g(ip(x)) as above (where g is the unknown), but also more generally 
to systems of equations of the form f(x) = A(x)-g(ip(x))+B(x)-h(x) , where A{x) , 
B{x) are given matrices of real analytic functions, f(x) is a given (vector-valued) 
C k function, and g(y) , h(x) are the unknowns (cf. [3,4]). 

Remark 1.8. The results above can be stated, more generally, for a semiproper 
mapping ip : M — > N of real analytic manifolds: The reduction to N — R" is 
immediate. On the other hand, if X = <f(M) is compact, then there are finitely 
many coordinate charts Clj in M such that X = U(p(£lj) and ip is semiproper 
when regarded as a mapping from the disjoint union of the £lj . Therefore, we 
can reduce the statement of Theorem 1.2 for <p : M — > N to the theorem as stated 
above. 
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2. DIVISION IN RINGS OF FORMAL POWER SERIES 



We will prove Theorem 1.2 by the method used in [3,4] based on the division 
theorem of Grauert and Hironaka. 

We totally order N™ using the lexicographic ordering of (n+1) -tuples (|a|,ai, 
. . . , a n ) , where a — (a\, . . . , a n ) € N n and \a\ = ct\ + ■ ■ ■ + a n . For every 
formal power series F — J2 a faV a € = ■ • ■ , y n ]] , we define the support 

suppP = {a e N" : f a ^ 0} , the initial exponent expP = minsuppP ( expP = 
oo if F = ), and the initial monomial monP = f a y a , where a — expP (when 
P^O). 

Theorem 2.1. (cf. [11,15]). Let Pi,... ,F S e M[[y]]\{0} , and Zei a* = ezpP; 
(i = 1,... ,*). Put A = 0, A, - («* +N n )\(U j<i Aj) /or i = 1, . . . , s , and 
A = N n \(U- =0 A i) • Let G e R[[y]] . Then there are unique Q f , R e 
(i = 1, . . . , s) smc/i i/iat a* + suppQi c Aj (i = 1, . . . , s) , suppR c A , and 

s 

G = ^Q,P 4 + P. 

i=l 

Moreover, exp R > exp G and, for each i , a 1 + exp Qi > exp G . 
See [4, p. 207] for the proof. 

Let 7 be an ideal in M [[?/]] . The diagram of initial exponents of I is defined as 
91(7) = { expP : Fe 7\{0}} . Clearly, 9t(7) +N™ = 91(7) . This property implies 
that there is a smallest finite set 23(7) C 91(7) such that 23(7) + N" = 91(7) . The 
elements of 23(7) are called the vertices of 91(7) . 

Let 23(7) = {a 1 ,... ,a s } , and let {A l7 A} denote the decomposition of N™ 
determined by the a 1 , as in Theorem 2.1. 

Proposition 2.2. [4, Corollary 6.8]. Choose Pi,... , F s e 7 such that expFi = 
a 1 (i = 1,... ,s). Then Pi,... , P s generate I. Moreover there is a unique 
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system {G\, . . . , G s } of generators of I such that, for each i , supp(Gi — y a% ) C 
A ; in particular, mon d — y a . 

We call {Gi, . . . , G s } the standard basis of I . Using Theorem 2.1, we get: 

Proposition 2.3. (cf. [4, Corollary 6.9]). Let (y) denote the maximal ideal of 
R[[y]] . Let p g N . Then the set {y? : j3 g A, \[3\ < p} is a basis of an R - 
linear complement of I + (y) p+1 in R[[y]] . In particular, if {y) p+1 C / , then 
{y 13 : (3 <E A} is a basis of an R -linear complement of I in R[[y]] . 

Let V(n) = {m C N™ : Dl + N™ = m} . We totally order V(n) as follows: To 
each 91 e P(n) , associate the sequence u(9t) obtained by listing the vertices of *H 
in ascending order and completing the list to an infinite sequence by using oo for 
all the remaining terms. If 9?i,9?2 € V(n) , we say that O^i < OT2 provided that 
w(OTi) < ^(0^2) with respect to the lexicographic ordering on the set of all such 
sequences. 

3. WHITNEY FIELDS 

Let p g N\{0} and let A be a locally closed subset of R n . A C p - Whitney field 
on A is a polynomial F(a,y) = £ H < P ±F a (a)y a g C°(A)[y] = C°(A)[j/i, . . . ,y„] 
which fulfills the following conditions: 

(d^F/dyP) (a, 0) - (dMF/dyP) {b, a-b) 
when a — ► c , 6 — > c , a 7^ & , for each c g A and /3 g N n such that < p . 
For any polynomial F(a,y) = E|«|< P ir^O)?/" € C a {A)[y] , we set F k (a,y) = 

H\ a \<khM a )y a ' where fc ^p. fceN - 

For any C p -mapping p = (<pi, . . . ,ip n ) : D — > R™ defined on an open subset 
D of R m , we denote by T p tp its Taylor field 

T p <p(b,x)= ^D a V (b)x a = I ^Vi (&)*",■ ■■ , ]T ^D a Vn {b)x 

\ot\<p 



/\a-b\ p -W — ► , 
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Put T p ip(b, x) — T p <p(b, x) — ip(b) (the field of Taylor polynomials without constant 
terms). 

Lemma 3.1. Let A be a C 1 -submanifold of K™ . Let F(a,y) = 
E\ a \< P ^M a )y a e C°(A)[y] , w/iere F"" 1 ^) G C^fo] . Let tp : D -> M" &e 
a C p -mapping as above, and let T be a C 1 -submanifold of D such that <p(T) C A . 
Define a polynomial G E C°(T)[x] = C°(T)[x\, . . . , x m ] of degree < p , by the for- 
mula 

G(b,x) = F(<p(b),f p cp(b,x)) mod(x) p+1 . 

Then G p_1 e C x (r)[x] and, for each b e T and v e T b T , we have 
D b , v G p - 1 (b,x)-D x , v G(b,x) 

= D a , u F p - l {y{b),T p y{b,x)) - D y , u F{v{b),T P v{b,x)) mod(x) p , 
where u — db<f(v) , and Db, v and D XjV stand for the (directional) derivatives with 

respect to b and x , respectively, along the tangent vector v . 

This is a straightforward calculation. 

Proposition 3.2. (cf. [4, $10]). Let A be a C p -submanifold of W 1 and let 
F e C°(A)[y], degF < p. Then F is a C p - Whitney field on A if and only 
if e C 1 (A)[2/] and D a>u F p ^ 1 (a,y) = D y>u F(a,y) , for every a e A and 

u e T a A . 

Proof. It is enough to consider the case A = R fc x ; the proposition then follows 
easily. □ 

Remark 3.3. [25, IV. 2. 5]. Let U denote an open subset of M™ . Let u,v e U , 
and suppose that a is a rcctifiablc curve in U joining u,v . Let g e C k (U) , 
k > 1 . It follows from the Mean Value Theorem (using an approximation of a by 
piecewise-linear curves) that 

\g(u) - g(v)\ < Vn\a\ sup 

l<j<n 



dg_ 

dy 3 



(a) 
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where \a\ denotes the length of a . If g is (k — 1) -flat at v , then (by iterating 
the inequality above) we get 



\g(u)\ < n k ' 2 \a\ k sup 



| Q |=fc 



-(a) 



dy° 

|Q|=(C 

Now suppose that F is a C l Whitney field on a . Let aeN, \a\ < i , and apply 
the preceding inequality with k = £ — \a\ and g(y) = -g-^(.f{y) — F(v,y — v)) , 
where / e C e (U) is a Whitney extension of F . We obtain 



d^F, n . d\ a \F, 



< n-^\af-W sup \Ff,(a) - Fp(v)\ . 



dy a dy° 
(This inequality holds trivially if |a| = £). 

Let r € N\{0} . A compact subset A of R" is called r -regular if there is a 
constant C > such that any two points u, v e A can be joined by a rectifiable 
curve a m A of length \a\ < C|u--y| 1 / r . The following is a version of l'Hopital's 
rule or Hestenes's lemma for r -regular sets (generalizing [27]). 

Proposition 3.4. Let A D B be compact subsets of W l , where A is r -regular. 
Let keN and let F(a,y) = £ w < fer ^F a (a)y a € C a (A)[y], y = (y u . . . ,y n ) . 
Assume that F restricts to C kr Whitney fields on B and on A\B . Then 
F k (a,y) = J2\ a \<k ^ F <*(a)y a is a C k Whitney field on A . 

Proof. For all u, v £ A and each aeN", |ck| < fc , 
d^F k , . d^F k , 

^y^ {u ^-^r {v ' u - v) 

(3.5) 

= ^ (M ' 0) "^ (W '" )+ £ Jx F a+p {v){u-vf . 

y y k-\a\<\0\<kr-\a\ H ' 

We can assume that F is fcr-flat on B (by Whitney's extension theorem). Let 
u, v G A, and let a be a rectifiable curve in A of length < C\u — v] 1 ^ joining 
u, v . Write 

H F (a) = sup \Fp(a) - Fp(b)\ , 



COMPOSITE DIFFERENTIABLE FUNCTIONS 
so that ^ f {<j) — > as \u — v\ — ► . 



Case 1. er n B = . By Remark 3.3, for all \a\ < kr , 



< Cl \u-v\ k -\ a ^ F {a) 
where c\ is independent of u, v . By (3.5), if |a| <k, then 



g\a\pk Q\a\pk 

— a ..„ (v,u-v) 



< C2 \u-v\ k -W(» F (a) + \u-v\) . 



dy a dy° 

Case 2. a fl S ^ . If u> G cr , let cr Mjt0 denote the shortest part of a joining 
u, w . Then there exists w € a such that <r Ujtu HB = {w} . Using the Mean Value 
Theorem (as in Remark 3.3), we see that if \a\ < kr , then 



F a (u)\ < n^\a u , w \ kr -\ a \ sup \Fp{a)\ 



\e\ = k-r 



(3.6) 



< n h ^ i \(j\ kr -\ a ^ F {a) 

< Cl \u-v\ k -^fi F (a) , 
and (applying (3.6) with v in place of u ) 



EF a + j3 (v) g 
—^—{u-vf 



\(3\<kr-\a\ 



< c 3 \u-v\ k -\ a \ii F (a) . 



Thus 



< (c 1+ c 3 )\u~v\ k -^f, F (a) 



and the required estimate again follows from (3.5). □ 



4. STRATIFICATION OF A SUBANALYTIC MAPPING 

We will use a theorem of Hardt on stratification of mappings [12,13] in the version 
of Lojasiewicz [17]. 

A subanalytic leaf in R m means a connected subanalytic subset of R m which 
is an analytic submanifold. Let E be a subanalytic subset of M m . A subanalytic 
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stratification of E (in W n ) is a partition S of E into subanalytic leaves in 
R m , called strata, locally finite in R m , such that, for each S e S , the boundary 
(S\S) n E is a union of strata of dimension < dimS* . A mapping ip : E — > R" is 
called subanalytic if its graph is subanalytic in R m xR". A partition V of _E is 
called compatible with a family J 7 of subsets of E if, for each PeP and F ^ T , 
either P C F or Pc £\F . 

Theorem 4.1. ('c/. [17]). Let tp : E — > R™ 6e a continuous subanalytic mapping 
defined on a compact subanalytic subset E of R m . Pm£ A = <p(.E) . Let and 
Q be finite families of subsets of E and X which are subanalytic in M m and R" , 
respectively. Then there exist finite subanalytic stratifications S and T of E and 
X , respectively, such that: 

(1) For each S G S , (fi(S) G T and there is a commutative diagram 

S T x P 

v\s \ / * 

T 

where T = <p(S) , P is a bounded subanalytic leaf in R s for some s , h is an 
analytic subanalytic isomorphism and n denotes the natural projection. 

(2) S is compatible with T and T is compatible with Q . 

A pair (S, T) of subanalytic stratifications as in (1) will be called a stratification 
of <p . If we weaken this definition by allowing S to be any finite partition into 
subanalytic leaves (but still requiring T to be a stratification), then the pair (S, T) 
will be called a semistratification of <p . 

Remark 4-2. Clearly, Theorem 4.1 is true for a subanalytic mapping (p : E — > 
R" which is defined on a bounded subanalytic subset E of M m and extends 
continuously to E . 

Remark 4-3. If («S, T) is a semistratification of <p and Y is a subanalytic subset 
of A such that T = {T n Y : T e T} is a stratification of Y , then the pair 
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(S',T') , where S' = {SO ^~ X {Y) : S g S} , is a semistratification of ip\ip- 1 (Y) : 
V ~ 1 (Y)^Y. 

Remark 4-4- If T) is a semistratification of <p , S e S , TeT and ip(S) = T , 
then there exists a subanalytic leaf r c 5 such that <p\T : T — > T is an analytic 
isomorphism. 

Let <p: E — ► R™ be a bounded subanalytic mapping defined on a bounded 
subanalytic subset E of R m . For each q g N , g > 1 , we define the g -/oW /s&re 
product of E with respect to ip , 

^ = {J=(ii Me£»: <K&i) = "- = ¥>(&*)} ; 

E 1 * is a subanalytic subset of (R™ 1 )' 3 . There is a natural mapping $ : i?' — > R™ 
defined by ... , b q ) = <p(bi) . Suppose that (<S, T) is a semistratification of ip . 

Let denote the family of all non-empty sets of the form (Si x • • • x S q ) D , 
where Si, . . . S q g <S . It is easy to see (using Remark 4.3) that (S^ q \T) is a 
semistratification of $ . 

5. IDEALS OF RELATIONS 

Let E be a bounded open subanalytic subset of R m , and let <p = (<pi, . . . , ip n ) : 
E — » R" be a mapping which extends to be analytic in a neighbourhood of E . 
Let peN, p > 1 . Put X = (f(E) and q = ( n + p ) . 

For each a€l,wc define the ideal of relations of order p among ipi,. .. ,ip n 
over a as 

TZ p (a) = {We R[[y}} : W(f p tp(b,x)) = mod (x) p+1 , for each b g y> _1 (a)} 
Clearly C ft p (a) . Put 

= D£((fMMr)(0), 
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where a e N" , (3 € N m , |a| < p, \/3\ < p , b e E. (D% denotes the partial 
derivative d^/dx^ with respect to the variables x .) Then for every formal power 
series W = W a y a G R[[y}} , W e K p (a) if and only if {W a }\ a \< p satishes the 
following system of linear equations: 

(5.1) Yl w ° ■ W) = (101 ^ p. 5 e ^ _1 ( a )) • 

|a|<p 

Let (5, T) be a semistratification of <p . This induces a semistratification (S^ , T) 
of the mapping $ : -> X . Let I e N, 1 < I < p . Denote by tt ( : M[[y]] -> 
K[j/] the projection 717 (J2 a W a y a ) — ^| a |<; W a y a . It is clear that iri(1Z r (a)) C 
iri(lZp(a)) C IJ; (<x) , when I < p < r and 

For each 6 = (61, ... ,b q ) £ E^ , let denote the rank of the matrix of the 

system 

(5.2) 52W a L%(b v )=0 {\0\<p, v=l,...,q) , 

\a\<p 

and p 1 (b) the rank of the matrix of the system 

(5.3) 52 W a L%{b v ) = (\(3\ <p, v=l,... ,q) . 

K\a\<p 

(Of course, p°(b) depends on p, and p 1 ^)) on p and I .) For each T G T , we 
put 

t$ = max{p°(&) : be * _1 (T)} , 

o x T = maxjp 1 © : fter 1 ^)}. 
Observe that if a e T is a point such that 

max{p°(&) : be $ _1 (a)} = , 

max{ ( o 1 (6) : 6e = <j\ , 

then dim7Tp(7^ p (a)) = q — Oj, and dim7T;(7\L p (a)) = q — o\ — (q — ( ~^ n ) — o - -) = 
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For each T £ T , let us take leaves S° , e such that $(5° ) = $(S£) = T 
and 

max{p°(fe) : 6e 5?.} = <r£ , 

maxjp 1 ^) : b£ S?} = a x T . 
Then there is a closed nowhere dense subset Z^} of T , subanalytic in M" , such 
that, for each a £ T\Z$ , 

maxjp © : 6 e S§. n $ _1 (a)} = o§. , 

max-tp 1 © : fee S£n$ _1 (a)} = • 

Put wff = ('+") + a\ - cr° . Then w£ = dim7r;(ftp(a)) , for a e T\Zff . We have 
Wj! < , when I < p < r . Therefore, for every / , there exists pi > I such that 
is constant for p> Pi ■ Since T is finite, we can make pi independent of T . 
This gives the following: 

Lemma 5.4. For every positive I £ N , there exists pi £ N , pi > I , such 
that if p > pi and T £ T , then iri(lZ p (a)) = iri(1Z p -i(a)) , for each a £ 
T\ (z$ U Z { *~ 1)1 ) • 

Now let us fix any p > pi . Take T £ T . The diagram of initial exponents 
yi(H p (a)) , a £ T\Zljt , takes only finitely many values; choose a £ T\Z^ with the 
minimum value (cf. §2). Set A (a) = N n \J\f(TZ p (a)) . There exists b £ S^nfc-^a) 
such that p°(b) = a? ■ By Proposition 2.3, for any such b, we have #A(a) = 
p°(b) = er£ = rank{L^(6^)} (where a £ A(o) , |/3| < p, v = 1,... ,q). There 
exists a nonzero determinant 

M T (b)=det({L% k (b Vk )}) (aeA(a), fc = 1, . . . , 4 ) • 

Put Q% = {c€Sj: M T (c) = 0} and S^f = T\$ (s§.\0^) • Clearly, 6?? and 
are nowhere dense in and in T , and are subanalytic in (M™ 1 ) 9 and in 
R n , respectively. Since Mr (6) ^ , it follows from Cramer's rule that the system 
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(5.2), and therefore the system (5.1), is equivalent to the system 

(5.5) ^7- E W a -N^(b)/M T (b) = ( 7 eA(»)), 

ct^A(a) 

where Nj! (J>) are appropriate minors of the matrix of the system (5.2). Let 
{a 1 , . . . a s } = ^(TZp(a)) , where a 1 < . . . < a s , and let r = max{-i : \a l \ < p] . 
Since (y) p+1 C TZ p (a) , \a l \ = p+ 1 for i > r . Observe that the standard basis of 
1Z p (a) consists of y a ( i = r + 1, . . . , s ) and 

G l {y) = y al + ]T (A^;®)/M T (6)) yt (i = l,...,r). 

7GA(a) 

Moreover, we have 

-jeA(a) 

for any H_ G S^\Q^ such that <&(&0 ^ , and i = 1,... ,r. Suppose that 
a' G T\(Z T ' U £ T J ) ■ Since <n(ft p (a)) < m(TZ p {a')) , it follows that a 1 = cxpG, G 
^("/^(a')) for each i , so that y\(lZ p {a)) C 0t(7vL p (a')) and hence they are equal. 
In other words, A(a') is independent of a' G T\ . Let us denote it by 

A T . 

Now taking an appropriate semistratification of $ and using Remark 4.4, we 
can find a finite subanalytic stratification {Aj} ( j G J) of A" , compatible with 
the sets T, Z T ' , Z^f ^ , S T ' , and a family (j G J) of subanalytic leaves 

in such that, for each j G J , <I> | Tj : I\, — > Aj is an analytic isomorphism, 
and Tj C S°\B^ , whenever Aj C T\S T ' . 

Suppose that j G J , T G T , Aj C T and dimAj = dimT . Then Aj is open 
in T and Aj C T\ (z T z UEjfJ. We put Mj = M T and Aj = A T in this case. 

6. PROOF OF THEOREM 1.2 

Since ip is semiproper and A" = (p(fl) is compact, there exists a bounded open 
subanalytic subset E C K m such that £ C ft , <p(E) = X and : E -> K" 
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is semiproper. Theorem 1.2 reduces to the following proposition (by induction on 
dimension). 

Proposition 6.1. Let A be a closed subset of X , subanalytic in W 1 , of dimension 
d . Let k C N . Then there exists a closed subset A' of A and an integer t > k 
such that: 

(1) A' is subanalytic of dimension < d . 

(2) Lf f <G C'(£l) is t -flat on f^ 1 (A' U Z) and, for each a C A , there exists 
a polynomial W a C R[y] such that T l f{b,x) = VF a (TV(^ ^O) mod (x) t+1 , for all 
b e <£ _1 (a) n E , then there exists g G C fe (R"; Z) such that f — g o ip is k -flat on 
ip- 1 (A)C)E. 

Proof. Let r denote a positive integer such that every connected component of 
ADZ is r -regular [5, Th. 6.10]. Take any integer I > kr . Let (S,T) be a (semi) 
stratification of ip\E such that T is compatible with A and Z . We will use the 
results and notation of §5. Fix an integer p > pi and take the stratification {A.,} 
(j € J} of X and the family {Tj} (j e J) of subanalytic leaves in E^ as at 
the end of Section 5. Observe that the mapping $ : E^ — > X extends to $ : 
fJ9 -> X , and Ej C 0« . For each j £ J, $ (T^Tj) = Aj\Aj , because ^Tj : 
Tj — > Aj is a homcomorphism. 

Set J = {.? G J : Aj C dimAj = d} and A' = (J{Aj ; : Aj C A, dirnA^ < 

d} . For each j e Jo , Aj is contained in some T e T of dimension d . Thus Mj 
is nonzero on and we have a Lojasiewicz inequality 



for bGTj, j e Jo , where s is a positive integer. 

Now take any integer t>p + s. Suppose that / € C f (fl) is t -flat on <^ _1 (.A'U 
Z) and that, for each a E A , there exists a polynomial W a € R[y] such that 



(6.2) 



|M,®| > c^dist^rAr,)) 8 
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Let j e J . For each a £ Aj , let Vj (a, y) e R[y] be the unique polynomial (of 
degree < p) such that W a (y) — Vj(a,y) G lZ p (a) and supp y Vj(a, y) C Aj . Put 

Vj(a,y)= V?(a)y a , 
F j (a,y) = MV j (a,y))= ]T V«{a)y<* . 

|a|<! 

Lemma 6.3. limV^(a) = , when a — > Aj\Aj . 

Proof. Since T*7(o, ir) = V,- (a, f p ip(b, xfj mod (a;)P+ 1 , for each 6 e ^(a) n E , 
we have 

D (j f(K)= v? (*®) m b ») 

where b = (b u ... ,b q ) eTj , z/ = 1, . . . , q , (3 e N m and \(3\ < p . By Cramer's 
rule applied to this system, 

(6.4) V«m)) = Hf{b)/M 3 {b) 

for beTj, a e Aj , where the H" are C s -functions on Q q , s-flat on Tj\Tj C 
(Aj\Aj) C $~ 1 (A') . The lemma follows from (6.2). □ 

Lemma 6.5. Fj is a C l - Whitney field on Aj . 

Proof. Let ^ v : Q q — > M™ and /i„ : f2 9 — > K ( i/ = 1, . . . , q ) denote the mappings 
*„(6) = *„(&i,... ,&,) - and h v (b) = f{b v ). Then *„|£7« = $ and, 

for each b G £! 9 , the polynomial T p ^ u (b,x) can be identified with T p ip{b u ,x) . 
Similarly, T p h„(b,x) can be identified with T p f(b u ,x). Fix o S Aj . Choose 
6 S $ _1 (a) D such that, for any W e K[y] , VF e ft p _i(a) if and only if 
W (fP<f{b v , a;)) = mod (x) p , v = 1, . . . , q . Take S e <S (?) such that kS. 
Then Aj is open in T = . We have 

(6.6) T p K{c,x) = V (^{c),T p ^ v {c,x)) mod (x) p+1 
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for all c e Sn^-^Aj), 1/ = 1,... ,g. By (6.4), the Vf are C 1 on Aj (in 

fact, C s ). Let m be any vector tangent to Aj at a. Since 5 — > T is 

a submersion, there is w € 7^5 such that (dk($|5))(u) = (rffc v E'^) (u) = u . By 
Lemma 3.1, Proposition 3.2 and (6.6), 



D^Vf' 1 (a,TPtf„(6,£)) -D WlU ^ (a, 7^(6, a)) = mod (x) p ; 



hence 



Da.nVj'- 1 (a,T*<p(K,xj) - (a,TV(&,^)) = mod (zf . 

It follows that Da^V^ 1 (a,y) — D y ^ u Vj (a,y) E lZ p -i(a) and, by Lemma 5.4, 



Da.uF] 1 (a,y) - D y ^ u Fj (a,y) € 7rj_i(ftp_i(°)) = 7rj_i(ftp(a)). 



On the other hand, supp y [D a ^ u F l -~ 1 (a, y) — D VtU Fj{a, y)] C Aj ; thus 
F> a , u Fj^ 1 (a 1 y) = D VtU Fj(a,y) . In virtue of Proposition 3.2, this completes the 
proof of Lemma 6.5. □ 



We can now finish the proof of Proposition 6.1. Define G C C°(A U Z)\y] 
by setting G = Fj on Aj , for each j <G Jo , and G = elsewhere. Then 
T l f(b,x) = G(a,f l ip(b,x)) mod (x)' +1 , for each a e Ai) Z and 6e^ _1 (o)nE. 
By Proposition 3.4, the truncation G k (a, y) is a C fc Whitney field on iUZ. □ 
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